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On Spatially Homogeneous Solutions of a Modified
Boltzmann Equation for Fermi—Dirac Particles
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The paper considers a modified spatially homogeneous Boltzmann equation for
Fermi-Dirac particles (BFD). We prove that for the BFD equation there are
only two classes of equilibria: the first ones are Fermi-Dirac distributions, the
second ones are characteristic functions of the Euclidean balls, and they can be
simply classified in terms of temperatures: T >27, and T =2%T,, where T
denotes the Fermi temperature. In general we show that the L*-bound 0 < f' <
1/¢ derived from the equation for solutions implies the temperature inequality
T >2T,, and if T>2%T,, then f trend towards Fermi-Dirac distributions; if
T =2T;, then f are the second equilibria. In order to study the long-time
behavior, we also prove the conservation of energy and the entropy identity,
and establish the moment production estimates for hard potentials.

KEY WORDS: Boltzmann equation for Fermi-Dirac particles; moment pro-
duction estimate; entropy; classification of equilibria; temperature inequality.

1. INTRODUCTION

Quantum modifications of the Boltzmann equation for Fermi-Dirac par-
ticles and for Bose-Eintein particles had been given sixty years ago” in
order to study time-evolution of gases of the particles. Because of taking
the quantum effects into account, the modified Boltzmann equations
possess strong nonlinear structures that particularly make the investigation
of long-time behavior of solutions more difficult.®'>'¥ Results obtained so
far are rather incomplete even for spatially homogeneous equations.
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In this paper we study the spatially homogeneous Boltzmann equation
modified for Fermi-Dirac particles. According to ref. 7, the equation is
given by

0
S Sw0=[[,  Bo—v. o)Ll fi(l=ef)1=ef)
—ffu(l=ef)(1=ef2)] do dos, (BFD)

where ¢ = (2)3/g, h is the Planck’s constant, m and g are the mass and the
“statistical weight” of a particle. The solutions f are velocity distribution
functions (or the particle number densities). The right-hand side of Eq. (BFD)
is the so-called collision integral, which describes the rate of change of f
due to a binary collision. The function B(z, w) is the collision kernel which
is a nonnegative Borel function of |z|, |<z, )| only. In this paper the kernel
is mainly taken for the inverse power potentials (with angular cut-off) and
for the hard sphere model, i.e., the kernel B is given by®

B(z,0)=b®) 2|, -3<p<I (1.1)

where 6 = arc cos(|[<z, w>|/|z|), b(#) is strictly positive in the interval
(0, =/2) and satisfies the angular-cutoff assumption:

Ay = 4n fo"/ ” sin(6) b(6) d6 < oo, (1.2)
The exponent f is determined by potentials of intermolecular forces,
i.e., the soft potentials (—3 < f < 0), the Maxwell model (f =0) and the
hard potentials (0 < f < 1, including the hard sphere model: f =1, b(0) =
const. cos #). Notations f,, f' and f are abbreviations of the same
function f in different velocity variables, i.e., f = f(v,-), f« = f(vs,-), f =
f',), fi= f(vy,-), where v, v, and v', vy, are velocities of two particles
before and after their collisions respectively, and they have the following
relations which are frequently used in the change of integral variables:

vV =0—{v—1,, ®) 0, Uy = Uy +{v—0y, @) 0, 0 €S?
Vvl =040, [0 [0L2 = o2+ ol
[<v" = v}, @) = [{v—14, @], v —vi| = o—v4].

In Eq. (BFD), the sign of the factor 1 —¢f is the most important:
A statistical description for the BFD model given in ref. 7 (based on the
Pauli exclusion principle) implies that the factor 1—¢f, as a ratio, should
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be nonnegative. This implies that solutions of Eq. (BFD) should be
bounded: 0 < f < 1/¢ on R*x [0, c0).
As usual, we introduce the subclasses of L'(R?):

Ly ={f [y = [, @l +ip o <cof, 520

and denote | f],: =|fll;:- Here f are real or complex valued measurable
functions.

Let Q(f)(v, 1) :=Q(f(-,t))(v) be the collision integral in Eq. (BFD),
ie.,

O(/)() = (/) ®)— 2 (f)(v),
0 (NW =],  Blo—v.) fful=efN1=ef.) do do,

0 (N =], Blo—vs0) ffu(l=ef N1 =ef}) doo du.

It is easy to see that if the kernel B(z, w) is given (or bounded from above)
by (1.1) with (1.2), then Q*( f) € L2, ([0, o0); L1(R?)) forall f € L2, ([0, o©);
L}(R?)) satisfying 0 < ' < 1/e.

Solutions of Eq. (BFD). Suppose the kernel B is given (or bounded
from above) by (1.1) with (1.2). Given an initial datum f;, € L;(R?) satis-
fying 0 < f, < 1/e. We say that a function f is a mild solution of Eq. (BFD)
on R*x [0, o) with f|,_, = f, if f is measurable in both variables (v, t) €
R?3x [0, o0) and satisfies the following (i), (ii):

() feL2([0,0); L:(R%)and 0< f < 1/¢ on R*x [0, o0).

(ii) There is a null set Z <= R? such that for all ve R*\ Z and all
te[0, o)

f@.0= fi@+[ o)) dr.

Applying Fubini’s theorem, it is easily shown that if, instead of (ii),
f satisfies

f(v, )= fo(U)‘Fr O(f)(v,t)dr, te[0,0), veR*\Z, mes(Z)=0,
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then f can be modified on v-null sets such that the modification of f satis-
fies (ii). In this sense, we do not distinguish between f and its modifications
on v-null sets. In this paper, a function f is said to be a solution of
Eq. (BFD) always means that f is a mild solution of Eq. (BFD).

A solution will be briefly called a conservative solution if it conserves
the mass, momentum and energy, i.e., the equalities of the five moments

|, f@ DY@ dv=]  fo@ @) dv. (@) =101 05,5 [of

hold for all ¢ € [0, o0). Here v, are components of v. It is easily seen that for
any solution f of Eq. (BFD), we have Q*( f) € L, ([0, ); L}(R?)) which
implies that f* always conserves the mass and momentum.

Entropy used in this paper for the BFD model is taken as

1
S(f) =E-[R3 [—(1—ef)log(1—&f)—ef log(ef)] dv (1.3)

which is always finite for solutions of Eq. (BFD). Since 0 < f < 1/¢, the
entropy (1.3) has the advantage that the integrands —(1—e¢f) log(1—¢f)
and —e&f log(ef) are both nonnegative. The corresponding entropy iden-
tity is given by

SSO)=S(f)+] e(f@)dr, 120 (14)

where

D[]y B0

XI(f'fe(l—ef)A—efs), ffr(1—ef")(1—&f%)) do dvy dv,
(a—b) log(a/b), a>0,b>0;

I'(a,b) =< +o0, a>0,b=0 or a=0,b>0; (1.5)
0, a=b=0.

Here and below we denote f(¢) = f(-, ?).

An equilibrium of Eq. (BFD) is defined to be a time-independent
solution of the equation. By entropy identity (1.4) (for B(-,-) > 0 a.e.), this
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is equivalent to say that an equilibrium of Eq. (BFD) is defined to be a
solution of the following equation

f' i —ef)A—ef)=f fil—ef)(1—efi)  ae.on R*xR*xS?
(1.6)
together with the physical conditions

feL'®R®, |fl#0 and 0<f<l/e on R’ (1.7)

In our derivation, we often assume that ¢=1 in order to simplify
notations. In fact, by multiplying ¢ to both sides of Eq. (BFD) one sees that
in Eq. (BFD) the triple (f, B, ¢) is equivalent to the triple ( 7, B, 1) with
f=ef, B=(1/¢) B.

The paper is organized as follows. In Section 2, we give some proper-
ties of collision integrals. In Section 3 we prove conservation of energy,
entropy identity, and give moment production estimates. For spatially
inhomogeneous solutions of BFD, the conservation of energy and entropy
identity were proven in ref. 9 under the cut-off condition: B e L'(R?*x S?).
Uniqueness of conservative solutions of Eq. (BFD) remains unknown for
hard potentials. Section 4 gives the classification of equilibria for the BFD
model. According to S(f)>0 (or T>3T;) and S(f)=0 (or T =3%T}),
equilibria of Eq. (BFD) are classified to Fermi-Dirac distributions (see
(4.5)) and characteristic functions of Euclidean balls respectively. In
Section 5 we show that it is the L*-bound, 0 < f < 1/¢, that makes the
temperatures of the gases can not be very low in comparison with the rele-
vant Fermi temperatures 7j: the inequality T > % T, holds for all conserva-
tive solutions of Eq. (BFD). And we prove that a conservative solution of
Eq. (BFD) can only trend towards a Fermi—Dirac distribution unless 7" =
% T, which determines that the solution is a second equilibrium.

2. SOME PROPERTIES OF COLLISION INTEGRALS

Lemma 1. Let w(z) and ¥(r) be nonnegative Borel functions on
[0,1] and [0, 0) respectively. Let W (z, w) =w(|z| ! |[{z, ®)|). Then for
any nonnegative measurable function f on R? and for all v € R®

[\ W @00, @) #(loua]) /(&) oy do

0 cos’ @

—dn j”/z—Sln(e)w(c"se){jR3W("’ "*')f( *)dv*} o, (1)
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[, o W 0=t 0) Po=0s]) £ (04 dvs deo

_an J~7r/2 sin(8) w(cos ) {f K% <|v—v*|

0 sin® @ sin 6

> S (vy) dv, } do. (2.2)

Proof. We prove the second equality. The first one is relatively easy.
To prove (2.2), we need the following equality which can be easily proven
using a spherical coordinate transformation:

[ <. o3 p (T2 Yo

<a )
=2, w(y/T=40, @) 9(©) 1(q.0-0) dov, Vo €S?
¥ Vi=Co ) 2.3)

where ¢(w) is a nonnegative measurable function on S? with respect to the
Lebesgue spherical measure dw.

Making changes of variable v, = v+ra, r=p//1—<0, ®)* (w being
fixed), and applying (2.3) (with different w(-)) deduce that the left-hand
side of (2.2) is equal to

© w(|<a, @) P
Lol e (o)

c—{0,0)w }
xf(v+p<—m >)da)da dp

(P <a,w>w(m)
[ e RS

p
XY <<g’ w>>f(v+/7a)) 1ty wy50 d da} dp

_an jnﬁ cos(6) w(sin 0) {j f ( )f(v+pca) dw dP} do

0 cos® 0

= the right-hand side of (2.2). |

Lemma 2. Let B be given (or bounded from above) by (1.1) with
(1.2). Letk>0and f e L;, ,(R?) satisfy 0 < f < 1/e.
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(a) If0< B <1, thenforallf, €(0,n/4] and all v € R®

ef] ,  Bo—ve, @) 1l +[0) " do dv,
R3><S2

1
sin 6,

348
<2 (g ) Wi, QP
+25H4A4(0) 1 £ 11y (1+ o] E+A2 (2.4)
where
01 /2
A(6,) = max {47‘: j sin(6) b(6) db, 4n j sin(6) b(6) db?}. 2.5)
0 n/2—0;
(b) If —3 < B <0, then for all veR?
j jRB o BO—0,0) £ do do, < Ci (Ao, B, o)1) PP, 2.6)
[[... . Bo—t0 o) f'fslo=0af? do do, < Co(do, B A+ 1A +1ol)
.7)

where the constants C;(A4,, f, ¢) depend only on 4,, § and e.

Proof. We can assume that B is given by (1.1) with (1.2).

(a) Denote m,(v) = (14 |v]?)*'% By |vs]> < [v/|*+ |v}|* we have (m;), <
2K2[ (my)' 4 (m;)%]. Then the left-hand side of (2.4) is less than or equal to

2412 j j [ f(my) B do dv,+2"% j j ' fum)s Bdw dv,.  (2.8)
R3xS R3xs?

Next, by |v'] < [vk] +[v—v| and [vk| < [v'] +[v—v| we have (m;) < 2" ()
+|v—104]*] and (m;.)} < 2*[ (M)’ + |v—v4]*] which imply

(me)' B< (my)' By +2 T (m)s +v—vi|*] By, 29
(m)y B< (my)y By+2"T(my)' +|v—v4|*]1 By, (2.10)

where

B =B ljcocnsr-a> B,=B-1;/,_4,<o<n/2}
Bs=B'1{01<9<n/2}: B4=B'1{0<0<01}
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and 0 = arc cos(|{v—vx, @)|/|v—v4|). Applying Lemma 1, (2.9) and inequal-
ities
[o—vs|? <my - (mp)s, [v— v <25 Py 5+ (myey )i ],

we have

e[ . S fulm) Bdo v,
R}><S2
<[[, . (Sm) B dodv,

+2k'” . (fm)i B, dow du*+2kff L £ lv—v4|* B, deo dv,
R” xS R3xS

_4 jn/%ﬂl sin(8) b(6)
T (cos 0)*+F
=2 sin(6) b(0)
w26, (sin §)>+F
=2 sin(6) b(0)
x/2-6, (sin §)3+++F

do [ | £ (v) m(v.) lo—v,l? dv,
k — . |8
+2%4n dBJRS £ (vy) my(vy) lv—v4]” do,

+2%4n do j S (W) [o—0,** d,
R

1 348
< (g ) 2 Wt )+ 275 A0) Uiy ).
1

Similarly, using (2.10) we have

e[|, £7m)s Bdo do,
R3><S2

1 348
< (Gag ) 2 Wk, )+ 275 0) Uiy 0.
1

Combining these with (2.8) give (2.4).

(b) Since —3<f<0 and 0< f<1/e, (2.6) and (2.7) are easily
derived by splitting B = B, + B, with 8, = n/4 and using Lemma 1 together
with the following estimates (write o = —f§)

[ Fulo—oal ™ dos < Cy(a, )11,

fns Solo=0u*7 do, < Gy, &)L+ 1121+ o).
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Lemma 3. Let B,, B be collision kernels satisfying for all (z, w) €
R3xS?,

0< B,(z, w) < B(z, ), lim B,(z, w) = B(z, ®) (2.11)

where B is given by (1.1)~(1.2). Let {f,};_, be a bounded sequence in

n=1

Ly(R’) N L2(R?) ie., sup,s {Ifullc; +1f,ll=} <oo. Suppose that f, —~ f
weakly in L'(R?). Then

lim Q,(f)" ()=Q2(NH" (&) Ve R’ (2.12).

Here Q,(f,) and Q(f) are collision integrals corresponding to kernels B,
and B respectively ; g" (&) = [g2 g(v) e >* du is the Fourier transform.

Proof. Denote yx.(v) =e". Observe that the four-product term

ff«f' f% can be canceled from the collision integral Q( /). We have (after

suitable changes of integral variables)

6

0,(f)" (O = Zl 27 (f)(©),  CeR? (2.13)

j=

where 2{(-) are defined by
NO=]], @) f@w) ( 2 BO=v0 ) 2:) dw) do, dv,
RO =—[],  (F1)®) f(w) ( | . Bo—vs @) dco) dvy dv,
2D =—¢ [ (f1)©) Q*(f. /)W) do,
2N =—¢ [, 1(©) 2:(=0) Q*(f tes [2)(0) v,
2N =¢ ], [(0) Q*(f1es )W) d,

2(f)&) =¢ L3 J@) Q*(f, fx)(v) dv,
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and Q7(-,-) is the usual “gain” term of the Boltzmann’s collision operator:

0 ([0 =[], , Blo—vew) () g(v}) do d.

It should be noted that for 27(f)(¢) we have used the following
decomposition:

Xe(Wi) = 2 (=) 2e(V) xe(v3).

From the structures of Qf (f) we obtain the following convergence:

'}if;«@f"(fn)(é)=«@f(f)(f), CeR’ j=1,2,...6. (214

In fact, (2.14) is obvious for j=1,2; for j=3,4,5,6, (2.14) is a conse-
quence of a well-known result of P. L. Lions about the compactness of
the gain term Q*(f, g).""'? Therefore (2.12) follows from (2.13) and
2.14). 1

3. CONSERVATION OF ENERGY, ENTROPY IDENTITY, AND
MOMENT PRODUCTION ESTIMATES

For completeness, we first give here a short proof for the existence
and uniqueness of conservative solutions of Eq. (BFD) in the case of non-
hard potentials: B(z, w) < b(0) |z|?, —3 < B <0 where b(0) satisfies (1.2).
Suppose ¢ = 1. Given f, € L}(R?) with 0 < f, < 1. For any 6 > 0, let %; be
the collection of measurable functions f € L*([0, 6]; L;(R?)) satisfying | f|s
:=sup, .61 IS Dllzy <2 [ follz:- Denote a Ab = min {a,b}. Let J(f)(v, 1) =
fo(v)+§6 O(|fIA1)(v, ) dt. By Lemma 2 Part(b), there is a small 6 >0
which depends only on 4,, 8 and | fol.:, such that J is a contraction
mapping from the complete metric space (%;, |- — - ||;) into itself. Thus there
exists a unique f € %; such that |f—J(f)|s =0. After a modification on
v-null sets, there is a null set Z; = R* such that f(v, 7) = J(f)(v, ?) for all
t€[0, 6] and allv € R*\ Z;. Next, we have (denote ()" = max{y, 0})

(—f(l), t))+ SL: Qi(lfl/\ 1)(09 T) l{f(v,r)<0} dT’ te [05 5]’ VE R3\25

and so by Gronwall lemma we obtain (— f(v, ))* = 0. Also, we have

(S 0=D" <[ O UfIAD® D) Lyunsyy dr=0.
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Therefore 0< £ <1 on (R*\Z;)x[0,]. After modifications on v-null
sets, f is a unique conservative solution of Eq. (BED) on R*x [0, ]. By
conservation of mass and energy, we have [ f(d)|.: = Ilfolz:. Thus with
the same d > 0 and replacing the initial f, by f(-,d), f(-, 20),..., respec-
tively, the solution f can be inductively extended to all intervals [, 2],
[26, 36],..., and the extended function f is a unique conservative solution
of Eq. (BFD) on R*x [0, o). Existence for hard potentials follows from
this result (with f = 0) and a weak stability property (see Proposition 1 and
Theorem 2 below).

Theorem 1. Suppose the kernel B is given (or bounded from above)
by (1.1) with (1.2). Let f; € L3(R?) satisfy 0 < f, < 1/¢, and let f be any
solution of Eq. (BFD) with f|,_, = f,. Then

(1) If —3<B<0, or, if 0<f<1 and [g3 f(v,2) |v]* dv < [g3 fo(v)
|v]* dv for all £ 0, then f conserves the energy and therefore f is a con-
servative solution.

(2) The entropy identity (1.4) does actually hold. Moreover if
f € L*([0, c0); L,(R?)), then sup,., S(f(2)) < oo.

Proof. Suppose e=1. For —3 < <0, we have proved in above
that the solution is unique and conserves the energy. For 0 < <1, our
proof for conservation of energy is completely the same to that for the
original Boltzmann equation,"® so we omit it here. Now we prove the
entropy identity (1.4). First of all, the entropy S( f(¢)) is finite for all £ > 0.
In fact for any g € L3 (R?) with 0 < g < 1 we have

(1—g) log(1—g)|+g llog g| < g(1+[o) +e =¥/, yeR>. (3.1
This also implies that if f e L*([0, 00); L}(R?)), then sup,. o ., S(f(?))

< o0. Next, let ¢(v) =e™, ¢,(v) =(1/n) ¢(v) (neN, the set of positive
integers), and let

V,(f) = ~(1=f +) log(1 =/ +6,) = (f +4,) log(/ +4,).
(D)=, #u(f)(w, 1) do.

It is easily shown that for all n € N,

1Z,(£) (v, )] <3S (0, 1) +¢(0)J(1 + [v]?) + e,
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This gives lim, _, ,, S,(f(#)) =S(f(¢)) by dominated convergence theorem.
Since ¢,(v) >0 and ¢+ f(v, t) is absolutely continuous, we have for all
veR3*\Z (mes(Z) =0)

¥,/ =P, fo)®)=[ 0w 7)

0, 7)46,(0)
xlog <1 D+ (o)

Next, we have, for some constants C, >0, |log[(f+¢,)/(1—f+¢,)]| <

C,(1+|v]). This implies that Q*(f)log[(f+¢,)/(1—f+¢,)] e L'(R>x
[0, ¢,]) for all ¢, > 0. Thus by classical derivation®?® we obtain

>d‘c, t=0.

SO =S, +][| (7@ de (32)
where
e S =3 [ [[ B0 0) LU 0. v 0, 7) do o do,

L)@, 00, 0,0) = [ (1= A= fO) = f [ (1= f)A = f3)]

«log < (f+¢.)(f+0): A= +d)A—f+¢.)s >
(f+¢)(f+8) A=F+¢) (A1=F+4,)%/)

Let
(=4[], . Bo—u o)L, s 0,7)]" do dvy dv,

e (P =[], ,  Bo—o o) ~L(/)vv 0. 7)]" do dv, dv.

Then (3.2) is written

|, e (@ dr=5f)=S,(f)+] es (S dr. (33
It is easily seen that for all (v, vy, @, 7) e R*x R3*x S?2x [0, o0)
lim [1,(£)(@, e, @, 0] = T(f foll= A= Fo), £ (=)A= 1),

lim [—T,(f)(, v, w,7)] =0

n— oo



Modified Boltzmann Equation for Fermi-Dirac Particles 365

where I'(-,-) is the function (1.5). Moreover applying the elementary
inequalities

[(a—b)log(a,/b))]1" <TI'(a,b)+a,—a+b, —b,
[—(a—b)log(a,/b)]" <a;—a+b, —b
for 0 <a<a,, 0<b<b,, we obtain the following controls:
L) vs, 0, )] <T(f (1= A= fo) . f /(=)A= )
+A4(f+D)(f+ D +4(f+¢) (f+9)x,
[— L)@ v, 0, )] <A+ DS+ +4(f+0) (f+)s.

Thus by dominated convergence theorem we obtain for all >0

lim [ e (f(2) dr =0,

and (by (3.3))

lim [" e (f() dr = S((£)=S(fy). G4)

By Fatou’s Lemma, (3.4) gives

[ ef@de<S(ro)-S(f) <o Vie[0,w). (3

This integrability together with (3.4) and dominated convergence imply
that the equality sign in (3.5) holds for all 7 > 0, i.e., f satisfies the entropy
identity (1.4). |

To obtain moment production estimates we need a weak stability of
the BFD model.

Proposition 1. Let B,, B be collision kernels satisfying (2.11) and B
is given by (1.1)~(1.2). Given initial data f}, f, satisfying 0 < 15, fo <1/e,
fr, foeL)(R? and lim, , Ilf6—folly =0. Let f" be conservative solu-
tions of Eq. (BFD) corresponding to kernels B, and f”|,_, = fg. Then
there exist a subsequence {f™}y_, and a conservative solution f of
Eq. (BFD) corresponding to the kernel B and f'|,_, = f;, such that

(-, t)—~ f(-,t)  weaklyin L'(R%) (k- ) Vte[0, ).
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Proof. We have, for some constant C depending only on 4, f§, ¢ and
sup, 115 I3

sup [ f"(t) — [l < C |ty — 1o, t, 1, € [0, 00).

n=1

Since {f"(-, )}y, is weakly compact in L'(R?) for all z > 0, the standard
diagonal process and the condition lim, _, ,, || /5 — foll.} = 0 deduce that there
exists a common subsequence, still denote it by { (-, )}, such that for every
te[0,0), f"(-,t) converges weakly in L'(R?) to some f(-,?)e L'(R?)
(n — o0) and f is measurable on R x [0, o0) satisfying0 < £ < 1, f|,_o = fo,
£ ONzt =1follzy and fes £ (v, 2) [o]* dv < o fo(v) [v]* dv for all £>0. To
prove that f is a solution of Eq. (BFD), we consider the Fourier transform:
Let J(f)(v, 1) = fo(v)+[§ Q(f)(v, 7) dr. We have forall ¢ e R®

I 0@ =" @+] 0N D" (@) dr,

F1CDN @ = F7@+ [ 0N D" (@) dr.

Since sup,. 1,50 I/ (Ol =sup,sq /0l < oo, it is easily seen from the
representation (2.13) and from Lemma 2 (with k=0, 8, =n/4 in case
0< B <1) that sup,.1 .50 1Q,(/(-, )" (&) <oo for all & e R Thus by
Lemma 3 we have

fEM @O =J(HC.n" (& V=0, VEeR’

Therefore for all >0, f(v, 1) =J(f)(v, t) a.e. ve R® After modifications
on v-null sets, f is a solution of Eq. (BFD) and conserves the mass and
momentum. The conservation of energy follows from Theorem 1. ||

Now we give the moment production estimates of Wennberg’s
type (22,13, 14)

Theorem 2. Suppose the kernel B satisfies (1.1)-(1.2) with
0< B <1 Let f; € L,(R®) satisfy 0< f;, <1/e and [ foll,} > 0. Then there
exists a conservative solution f of Eq. (BFD) with f|,_, = f, such that

(D If >0, then for any s > 2

Ol < [ V>0

(s—2)/B
1 —exp(—at) }
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where a > 0, b > 0 are constants depending only on B, s, || foll.i, [l follz:, and
on some integration of 5(#). In particular, a,b do not depend on the

parameter &.

(II) If B=0and f, e L!(R®) for some 2 < s < 4, then f € L*([0, ©);
L;(R?)).

Proof. We first assume that f, € L!(R?) for all s >2. For any ke N,
let B,(z, ) =b(0)(|zZ|ak)? and let f, be conservative solutions of
Eq. (BFD) corresponding to B.(z, w) with f;|,_, = f,. Existence of the
solutions f;, has been shown above since B,(z, ) < k?b(6). In the follow-
ing, we will use the function m,(v) = (14 [v]?)*/% Consider ¢,(v) = m,(v) An,
neN. By the inequality [v'|* < |v]*+|v|* we have ¢, <2>7'[¢,+ ]
This gives

10 Gullcy < Il follz +2°240 K2 I foll.y L I/e(®) @ulley dz,  120.

Thus using Gronwall lemma and then letting » — oo leads to f;, € L. ([0, c0);
L!(R?) for all s> 2. Therefore using the Povzner’s inequality (see, e.g.,
ref. 5)

(ms), + (’,ns):l< —m;— (ms)* < 2s[ms—l (ml )* +m1 (ms—l )*]

we obtain

t
Ife@llz: < W follzt +2°4ollfo Iz} L Ife@lr de, 120

and so
Ife@lz < follzt exp{2°4ollf0 Iy £}, ¢=0. (3.6)

By weak stability (Proposition 1), there exists a conservative solution f of
Eq. (BFD) corresponding to B with f|,_, = f, such that for any >0,
f(-,1) is an L'-weak limit of a common subsequence of {f(-,?)}7_;.
Taking the weak limit, (3.6) also holds for f and so f e Ly ([0, );
L!(R?) for all s>2. By calculation using Lemma 2 Part (a) (with 6, =
n/4), the high-moment property of f implies that Q*(f) e L2 ([0, );
L!(R?) and Q(f) e Lip([0, ¢, 1; L}(R?)) for all s>2 and all ¢, > 0. Thus
for all s>2, feC'([0, 0); L!(R?)). Then, using a sharpened version of
the Povzner’s inequality (see ref. 13 and the proof therein)

(m,)" + (my) s —m, — (m,),

<222 =2)[m,_,(m,)s+m,(m,_,)]1=27"(s=2)[x(6)]° m,
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where x(6) = min{cos 0, 1 —cos 8}, 6 = arc cos(|v—v,| " [v—v4, ®D]), 0<
y <min{s/2, 2}, s > 2, we obtain for all 7 >0

LWl =, o mw) do
Tl BAALY 4y —m,~(m)u] doo du do
][ o BEf S+ (m)y—m —(m,)s] doo do do
<22”-[[[ | | Bffum,_,(m,) doodvs dv
~27s=2) [[[ | | BIKO) [ fum, doodv, dv

2= [[[, | Beff film,,(m,),

+m,(m,_,)s ] do dv, dv
S (=22, (1) =27 7L, () +2°T,5(1)] (€))
where I, ;(¢) (j=1, 2, 3) denote the last three integrals.

D p>0. By B<1, we have |[v—uv,|’>my(v)—my(vy). Choose
y = f. Since f conserves the mass and energy, these imply

1,0 < Ao [ follzy 1F Dz
1 2(0) = A | folley 1F Oz, , — Ay 1follzy 1Dz

where
4,=4n | "2 sin(8) b(O)[1(0)]* db.

Also, by Lemma 2 (2.4) (with k = § and k = s— f§ respectively), we have for
any 60, € (0, n/4]
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I, 5(0) = Ls F(1+]o]p)e—Ar2 {e ”Rw Bf' f(1+v])*? do dv, } dv

#f SRR [ B LU0 doo do, o

34p
<23”5Ao< ) Ifollzs Lf (Nt +2%7°A00) I follzy 1f Dz, -

sin 6,

Here A(0) is the continuous function (2.5). Thus by (3.7)

d . _
7 If Ol < (s—=2)[2°Ap +27° 24,4+ 2% 4, (sin 0,) *T | foll. I/ @Iz
—(s=2)[27724, =241 I foll I Dz, -
Since A(n/4)>1A4,>0=A(0), there exists 0<6, <n/4 such that

27724, =2%34(0,) = 27°7°4,. Also, we have | f()ll.:,, = [Ifolls177¢7?
LIf (Dl 1'+#¢~> by Hélder inequality. Thus

d
2 Ol < (s=2) oy If Dller = (s—2) Cox[IF Dl ] {Hpem

which implies

b, —2)/8
IF Ol < [m] ) t>0 (3.8)

Where as = ﬂcs,l > 05 bs = Cs,l/Cs,Z > 0 depend Only on ((”fO”L(I))ilﬁ ”fO"L;’
Ay, Ay, S, B).

(II) f=0and 2 <s<4. In thiscase we can choose y =s/2. Then

L) = A (f Ol < Alfoll)?, L2 () = 4, I folley 1f Dl

and by Lemma 2 (with k =s/2, f =0)

L@ =2 [ SRR e[ BF T do do | do

<oeig ( ) (foll2)>+2255460) I folls 1 Ol

sin 6,
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Therefore by (3.7)

d .
2 @Ol < (s=2)[2°+2%(sin 6,) 1 41 follzp)’

—(s=2)[27724, =240 T I follp If O, £=0.
(3.9)

Choose 0 <8, <n/4 such that 27724, —2%%34(0,) =2~"34,. Then (3.9)
implies that with the constant C,=[2°+2**(sin 6,)7*] Ay([lfollz2)?/
[277°4, (| follz 1,

If Ol <l folle: +Cs, 220. (3.10)

Now let f, be given in the theorem. Let f72(v) = f,(v) e~/ and let
f" be conservative solutions of Eq. (BFD) obtained in the above argument
with f"|,_, = f35, such that (f”, f) satisfy the estimates (3.8) for >0
and (3.10) for f = 0 respectively. Since in (3.8) and (3.10) for f” the coeffi-
cients a,, b, and C, depend only on ((||f3||L(1))’1, I£5lzLs Aos Ay, s, B) and are
continuous with respect to ((||f5ll L(l))’l, If5llz2), the conclusion of the
theorem follows by taking weak limit and applying Proposition 1. ||

4. CLASSIFICATION OF EQUILIBRIA

We need the following result which gives a new characterization of the
Euclidean n-ball in terms of an equilibrium state of the BFD model.

Proposition 2. Let n>2, let K be a compact set in R” with
mes(K) > 0 and satisfy

1o(0) 1(0y) [1—1K (”J;”*+|”_2”*| w>][1—1K <”J;”*—|”_2”*| wﬂ —0
@.1)

for all (v, v4, ) e R"xR"xS""!. Then K is a convex body of constant
width. Moreover if n > 3, then K is a Euclidean »-ball.

Our proof of this result is based on the following classical charac-
terization:

Theorem MSW. Let n>3, let K = R” be an n-dimensional convex
body (i.e., n-dimensional compact convex set ) and let p, be an interior
point of K with the property that for every n— 1-dimensional plane I7
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of R” through p,, the intersection IT N K is an n— 1-dimensional convex
body of constant width. Then K is a Euclidean #-ball.

Theorem MSW is a special version of a result of Motejano."® For
n = 3 see also Siiss"® (under differentiability conditions) and Wegner.*

For a set EcR” let OF denote the boundary of E, and let E°=
E\OE.

Proof of Proposition 2. Step 1. Let conv(K) be the convex hull
of K. Since mes(K) > 0, conv(K) is an n-dimensional convex body. In this
step we prove that O(conv(K)) = 0K. Given any v, € d(conv(K)), there
is an w e S"" and a supporting plane H = {ve R" | {v—v,, ) =0} of
conv(K) such that

{v—1y, ) <0 Vv € conv(K). 4.2)

For H, there is a parallel supporting plane H™® = {v e R"| {v—uy, ) = 0}
of conv(K) with u, € d(conv(K)) and u, # v,, such that

{v—uy, ) =0 Vv € conv(K). 4.3)
Let I" be the set of all extrem points of conv(K). Then I" = 0K < K. Let
d =max{lu—v||ue H™ nconv(K), ve H* n conv(K)}.

For any u; e H? nconv(K) and any v, € H* nconv(K) satisfying
|y —v,| =d, it is easily seen (use (4.2), (4.3)) that u,,v, €I’ and thus
u, v, € K. We assert that |u, —v,| =<y, —v,, ). This will prove that
v, € 0K. In fact, this equality implies that d = |u; —v,| = {u; —v,, ®>+
vy —vy, @) =<0y —0;, W) < |vy—v;| <d and so |v,—v,| =d which implies
that vy e I' = 0K. Now suppose, to the contrary, that |u, —v,| > <y, —
v;, ). Then, since u;, € H™ and v, € H™, we have

o |uy—v
< 2 T2

1 1
W —1y »w>=§|u1_01|_§<u1_01aw>>0,

<u1+171_|”1_1’1|

1 1
o2 w—uo,w>=§<u1—v1,w>—§|ul—vl|<0.

By (4.2) and (4.3) we see that both 1 (u; +v,)+3 [u; —v;| @ and } (u; +0v,)
—1 |4, —v;| @ do not belong to K. Since u;, v, € K, this contradicts Eq. (4.1).
Step 2. We prove that conv(K) = K. Since conv(K) is a convex body,
it suffices to show that (conv(K))° < K. Given any x € (conv(K))°. Let a e
conv(K) satisfy |a—x| = max {|jv—x||v e conv(K)}. Let H={ve R"|{v—x,
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a—xy=0}. Choose b € H n conv(K) such that |b—x| =max{jv—x||ve H
nconv(K)}. It is easily verified that a, b € d(conv(K)) and |a+b—2x|* =
la—x|*+|b—x|> =|a—b|*. Take w=*t25>. Then x =3 (a+b)—}|a—b| w.
Let y=1(a+b)+3ila—b|w. Then |y—x|*=|a—b|*>|a—x|* and so y¢
conv(K) therefore y ¢ K. But the Step 1 shows that a, b€ 0K = K, so by
Eq. (4.1) we must have x € K. This proves (conv(K))° = K.

Step 3. We prove that the convex body K has constant width. By a
characterization of convex body of constant width,® this is equivalent to
show that for each pair H,, H, of parallel supporting planes of K there
exist pe H n0K and ge H,n0K with p#gq such that the chord
[p,q]:={tp+(1—1) q|0<t<1} is orthogonal to H,, H,, i.e., such that
(p—¢q)/|p—q| is a common normal vector of H, and H,. Let H,, H, be two
parallel supporting planes of K. Then there exist w € S"~!, pe H, n 0K and
q € H, n 0K with {p, ) # {q, w) such that H, = {ve R"|{v—p, w) =0},
H,={veR"|{v—gq, w)=0}. We may suppose that {g, ) < <{p, w). This
implies that

{v—p,w)<0 and {v—q,w)=0 Vve K. 4.4)

Since p, g € K, by Eq. (4.1) we may assume that } (p+¢)+3|p—qlwe K.
Then using the first inequality in (4.4) we have {(p+¢q)+3lp—qlo
—p,w)<0 which implies that |[p—q|<<{p—q,w). Thus (p—¢q)/|p—q|
= . Similarly, if } (p+¢)—1 |p—q| @ € K, then using the second inequality
in (4.4) we still obtain (p—q)/|p—¢q| = w. Therefore K has constant width.

Step 4. Suppose n>=>3. We now prove that K is a ball. After a
translation we can assume that 0 € K°. In this case, by Theorem MSW
(with p, =0), we need only to show that for any n— 1-dimensional sub-
space IT = {ve R"|<{v, ¢,> =0}(e, € S"™"), the section I " K is an n—1-
dimensional convex body of constant width. Let {ey, e;,...,e,_;} be an
orthonormal basis of R”. Define L:I1 - R"™' by L(v) = x = (x;, X,,...,
x,_,) for v=Y"%! x,e, e II. Then L is a linear isometry between IT and
R""!, and since 0 € K°, the set K, := L(JT n K) is an n— 1-dimensional
convex body in R"~! with n—1 > 2. Thus by the above result we need only
to prove that the set K, satisfies Eq. (4.1) of n— 1-dimensional case. For
any x,yeK, and any o= (0,,0,,...,0, ;) €S" % let v=L7'(x), v,=
L' (y)and o =Y""" 0,e;,. Thenv, v, e I " K, we I nS" ' and

x+y | |x—yl U+ 0y [v— vy
——+ =L + .

2 = 2 ¢ 2 ~ 2 ¢
By Eq. (4.1) for K we see that either 1(x+y)+i|x—y|loeK, or
3 (x+y)—3|x—y|lo e K,. Thus K, also satisfies Eq. (4.1) and therefore K,
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and, equivalently, /7 n K is an n— 1-dimensional convex body of constant
width. |

Now we give the classification of equilibria of Eq. (BFD).
Theorem 3. The equation (1.6) with (1.7) has only two classes of

solutions: The first ones, corresponding to S( f) > 0, are Fermi—Dirac dis-
tributions:
—b lo—vol?

ae

ﬁ a.c. ve l{3 (45)
+eqe 7P

f)=F,,(v):=

with constants @ > 0, b > 0 and v, € R®. The second ones, corresponding to
S(f) =0, are characteristic functions of balls ( multiplying 1/¢ ):

1
f)= Z Ly wi<rys ae. veR’ (4.6)

Proof. Suppose ¢=1. Let f be a solution of (1.6)—(1.7). In the
following we denote for real function ¢ and constants c, c;, ¢,, R3(¢ > ¢) =
{veR?| o) >c}, R (c; <p<c)={veR?|c, <o) <c}, etc.

Case 1: S(f) > 0. By our definition of S(f), this is equivalent to
mes(R*(0 < f < 1)) > 0. We now prove that in this case f is a Fermi—Dirac
distribution. Let w(z) = £3(1—1?)*? (0<t < 1), W(z, ) = w(lz| | {z, @)|).
Consider two functions

@ =[], W =rs.0) ) fG)1~f(02)) dos iy,

£ =[], Wo=0.0) [@)(1 =)A= f(}) do do,

Multiplying W (v—uvy, @) to both sides of equation (1.6) and then taking
integration with respect to (v4, @) we have, for a null set Z = R3,

fOLI0) + 7 0)]=I(v), veR\Z. 4.7)
The functions .#;, ¢, possess the following properties:
(a) IfgeL'(R* and 0<g< 1, then

17 () = L), |7 0) - LI < 12n | f—gll,r  VweR’.  (4.8)

In particular, if f =g a.e. on R’ then 4, = 4, ¢, = ¢, on R’



374 Lu

In fact using Lemma 1 with ¥ (r) = 1 we have

1#0) = £,©)l. 1.7(0) = £, )]
<[, W= )~ @)

+I(f =@ +(f =) (w)l] dw dv,

<2z|f-gly,  VoeR’
(b) #, #; are continuous on R* Denote f,(v) = f(v+5). We have
|7 (v +h) = I ()], |5 (v+h) = £ < 27 || fy—fll Vo,heR°. (4.9)

In fact we have J,(v+h) =7, (v), #,(v+h) = ¢, (v), so (4.9) follows
from (4.8).

(c) The set R3(J§f > 0) N R*(#; > 0) is non-empty.

In fact, since mes(R*(0 < f < 1)) > 0, there is a Lebesgue point v of f
satisfying 0 < f(v) < 1. Let B,(v) denote an open ball with center v and
radius r > 0, and let

L,(r) |/ (04) = f(0)] dvy.

_ 1 f
_mes(B,) B,(v)

In Lemma 1, choose ¥(r)=1,.4 for 6>0. Let A=4x (5 sin(9)
w(cos 0) df. Then by Lemma 1 we have

1 o 2
‘mes(Ba) ”Bm)xy W(v—14, @) f'fu(1 = f3) do dv, — A[ f(0) 11— £ (v))

1
<F(B(;)HR3><52 W(v—vs, ®) 1y, _y<sy

X[If @)= fO]+]f(v) = f@)+]f(ve) = f ()] do duv,
<4n [ ™% sin(8) w(cos B)[ L, (3 cos 0)+ L, (3 sin 0)+ L,(5)] 6

-0 (0-0)
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since L,(r) —» 0(r — 0). Thus for sufficiently small 6 > 0,

5@ =[] W—v., @) £l f) do do,

Br;(v)XS
> 3 mes(B;) A[f(v)]* (1-f(v)) > 0.

Similarly, #,(v) > 0.

Now we define g(v) = .7 (v)/[F(v)+ 7 (v)] if F(v)+ #(v)>0;
g) = f(v) if #;(v)+ #;(v) = 0. Then by (4.7), g = f a.e. on R* and there-
fore by property (a), 4, = .4, #; = 4,. Weneed to prove that ¢ := R*(.%, > 0)
N R¥( F>0)= R3. Since properties (b), (c) imply that @ is open and non-
empty, we may suppose that for some 6 > 0, B;(0) = 0. Let A=3 (1+./3/2),

=1(/3/2-1)d,and
05(0) = { (04, ©) € R x S?| [v4] <77, 04 # v, \/1/3 < cos(8) < /2/3}
where 6 = arc cos(|[<{v—uvy, @)|/|v—1v4|). By the elementary inequalities
[v'| < sin(8) |v]|+cos(O) |vl, [vi] < cos() |v] +sin(0) |v]

we see that if v € B,5(0) then v, v, v} € B;(0) for all (v,, @) € Os(v). Since
0<g=4/(%+ %) <1 on B;(0)c 0, this implies that g(v') g(vi)(1—
g(1)) >0, g(v)(1—g@))(1—g(vy)) >0 for all (v, ®) € Os(v). Therefore
by definition of .4, and ¢, we have % (v) >0, Z(v) > 0 for all v e B,;(0).
Here we have used an obvious fact that the sets @;(v) have positive
measure with respect to the measure dw dv,. Thus B,5(0) < 0. Iteratively,
we obtain B;;(0)= O, n=1,2,..., and so @ =R>. Therefore 0 < g(v) <1
for all v e R? and g is continuous on R>. Since g = f a.e. on R?, it follows
that g satisfies Eq. (1.6) (with ¢ =1). Thus (+%;)" (%5 )% = (55 )(+%; )« on
R’xR*x8? and so by a well known result of Arkeryd™ >* we conclude
g(v) =ae """ /(1+ae """ for some constants a>0, b>0 and
v, € R,

Case 2: S(f)=0. This is equivalent to mes(R*(0< f <1))=0. In
this case we prove that f is a characteristic function of a ball. Let E =
R3(f=1). Since 0< £ <1, we have f(v) =1;(v) a.e. ve R®. And in the
following we can assume that E is a Borel set. Multiplying 1,(v) to both
sides of Eq. (1.6) (for ¢ = 1) leads to a single equation

1;(0) 1;(v)[1=1z(t)][1=1:(v.)]=0 ae. (v,v4, w) eR*xR3>xS2
(4.10)
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Using integration on R* x R? x S? with suitable changes of variables we see
that the equation (4.10) is equivalent to the equation (4.1) in 3-dimension
case, i.e.,

1,(0) 15(0,) [1—15 (”J;”*+@ w>] [1—1E <”J;”*—@ co)] ~0

@.11)

for a.e. (v, v4, w) € R®*x R*x S% Our proof is divided into several steps.

Step 1. We first prove that the set E is essentially bounded, i.e., there
exists a null set Z, = R® such that E\ Z, is a bounded set. For 0 <d < 1, we
compute (changing variable r = {t{ —v, w))

47 mes(E)

1 [oe]
25{52 @ LZ Ly opi>0) deo Lw r1y(v+rw) dr

> % Lz dg Lz Lt wpi> 0y do ﬁo L —v, 0)* KL, w)]
X 1p(v+ <t —v, w) w) 15(£0) dt
Ux
(i)

—f fl 1|2<* v, 0)? 1p(v') 15(vy) do,
1z(v")

<7 oy>5 |Us

|U vy|? U— Uy 2
(03]
|U*|2 s? |U_U*|,

X 1{|<|,”,f‘|, wd| =6} dco) dv,, veR. 4.12)

On the other hand, for any v, v, € R? with v, # v, using equality (2.3) with
@(w) = 1;(vy) and writing

a—(a,w>w> oc—<{o, 0> w V— Uy

V=04 ( v—0s, R o
* < Y S1=<a, 0)?/ J1-<a, w)* |v— vyl

we have

jz|<a,w>|21E(u')dw=j2|<a,w>| 1—<o, oY 1,(v}) doo.  (4.13)
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Moreover by Eq. (4.10) and Fubini’s theorem, there is a null set Z, = R?
such that for any v € E\ Z, there is a null set Z, , such that for any v, €
E\Z, ,, we have (1—15(v"))(1—1z(vs)) =0 a.e. w € S*. Thus by (4.13) we
obtain for any ve E\ Z, and any v, € E\ Z,,

LZ Ko, 0| 1,(v') dw
1
=3 | Ko @] [Ko, )] 150) +y/ 1o, @) 15(v4) ] deo

> L[, Ko )l min{|<, @), /1= <z 037} do

4
?”2*3/2 (4.14)

with ¢ = (v—v,)/|v—v|. This gives

V— Dy 2
, 1
2 [\ |v—vy

Choose § = 37! 275/2. We obtain by (4.12) that

4r

2—3/2 <
3

(V) 1{|<%’w>|>5} dw+47nd.

2
47rmes(E)>— [o—0s]

388 e o dv,, Vve E\Z,. 4.15)

Since |v—v4|* =1 |v]*—|v4|* and 0 < mes(E) < oo, (4.15) implies that the set
E\ Z, is bounded. Let Z, be a null set such that every ve E\(Z, U Z,) is a
density point of E\ Z,, i.e., v satisfies mes((E\ Z,) N B.(v))/mes(B.(v)) — 1
as r — 0. Applying Fubini’s theorem it is easily seen that the set E\ (Z, U Z,)
also satisfies the Eq. (4.10) and Eq. (4.11). These properties allow us to
assuming without loss generality that the set E is bounded and satisfies that
every point v € E is a density point of E.

Step 2. Let K=E be the closure of E. Then K is compact and
mes(K) > 0. Since R*\ K is open, it is easily verified that the set K satisfies
the Eq. (4.1) for all (v, vy, @) € R*x R*x S% Thus by Proposition 2, K is a
ball.

In the following two steps we prove that mes(K \ E) = 0. Before doing
these we need two equalities: Applying Fubini’s theorem to Eq. (4.10) and
Eq. (4.11) we have
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lg(v+ro)[1-1g(v+1r{o, ) @)][1—15(v+rc—rlo, w) w)]
=0 ae. (o,w)eS?*xS? 4.16)

forallve E\Z and all r € [0, 0) \ Z{"; and

R S R R/ RN
1-1 1-1 —
o () o (e

=0 ae we$S’ 4.17)

for all (v, v,) € (Ex E)\ Z. Here Z is a null set in R? Z" are null sets in
[0, o) that depend on v, and Z is a null set in R*x R>,

Step 3. We will prove that for any v, € K°(= K\0K) and any R> 0
satisfying Bg(v,) = K°,

mes(E N Br(vy)) = 27’ mes(Bg(v,)). (4.18)

First of all, since K = E and since every point in E is a density point of E,
it is easily seen that for any ze K and any r>0 we have mes(En
B.(z)) > 0. Now take a fixed w, € S>. For any small 0 <Jd <31 R, let a = v, +
(R—20) wy, b =1vy—(R—20) w,y, and let E, = E n Bs(a), E, = E N Bs(b).
Since a, b € K, we have mes(E,) > 0, mes(E,) > 0. Thus, as an exersise of
measure theory, the set 5 (E,+ E,) := {3 (v+v,) |v€ E,, vs € E,} contains a
ball. Since 1 (E,+E,) < K, this implies that mes(E n [} (E,+E,)]) > 0.
Now we need to prove that

I :=j <j (x4 p) 1 (x— ) dy>dx> 0.

Let I(x) be the inner integration with respect to y, and take any
xeEn[i(E,+E,)]. We have x=j(a,+b,) for some a, €E, b, €E,.
Since for sufficiently small r > 0, B,(a,) < Bs(a), B.(b,) < Bs;(b), and a,, b,
are density points of E, it follows that

(x) =

= mes(B,) Jz,0)

1
~ mes(B,)

mes(B,) d lg,(a,+2) 15, (b, —z) dz

U 1E(ax+z)dz+f 1E(bx—z)dz]—1—>1
B,(0) B,(0)

when r — 0. Thus I(x) > 0 for all x € E N [; (E, + E,)] and therefore I > 0.
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Recalling that the sets Z and & are null sets in R® and in R*xR?
respectively, the positivity of I implies that

| <f 1, (49) 15, (=) Lo (x+2, x=) dy)dx>o.
E\Z R

Thus there is ¢ € E\ Z such that for a null set Z” < [0, 00)

fR3 g, (c+p) 15(c=y) laxpno(c+ 1, c =) Lo wpz» (I¥]) dy > 0.

Thus there is y, € R*® which together with ¢ has the following properties:

() ceE\Z; (i) c+y, €E, c—y eE;

(i) (c+y,c—y)e(ExXE)\Z;  (v) Ry :=|y|e[0,00)\Z{".

By the “a.e.” conditions on Egs. (4.16) and (4.17), these properties give the
following inequalities:

1z(c+ R Ko, w) W)+ 1z(c+ Ric— R, {0, w) w) = 1z(c+Ro) (4.19)

for a.e. (o, @) € S?x S?, and
Iz(c+Rw)+1(c—Rw)>=1 ae. weS (4.20)
Also, by l[a—b|=2(R—26), R, =3|c+y,—(c—y,)|, and v, =3 (a+b), we

have R—35 < R, < R—J and |c—vy| <3 (lc+y, —a|+|c—y; —b]) < 5. Thus

By, (¢) © Br(vy). Now let y(r)=¢-min {t,/1—¢*}, t€[0,1]. By the
formula (4.13) (with v = ¢, v, = ¢+ R;0) we have

[. Kos @) 1y(c+ R <o, ) @) doo

= [ Ko, @) /1=0, @) Ly(c+ Rio = Ry (o, 0) @) do

>%Lz ¥(I<, D[ Lp(c+Ri (0, @) @)+ 15(c+ Rio— R, (0, @) )] do.
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Thus by (4.19), (4.20) and (4.14) we obtain
[[ o, o Kou 0P Lo+ R (o, @) @) doo do
>3 [Jos. WK, @31 1o+ Rio) dovdo
= 1] Vo, DT+ Ri0) + 15(e~ Rio)] doo do

1 4n
=~ do do=—-27°*-4x.
I Vo o) do do == n

On the other hand, we compute
[[.. Koo 1e(c+ RiCo, ) w) dov do
S“xS

4 R, 4
= R_?L r2 Lz lp(c+rw)dowdr= R—? mes(E N By, (c)).
Therefore mes(E N B (¢)) =% R}-27°> and so mes(E N By(vy)) >
# (R—36)-27%/2, Letting 6 — 0 leads to the inequality (4.18).

Step 4. We prove that mes(K \ E) = 0. This will complete the proof
of the theorem. Since K = E is a ball, it needs only to show that the set
Z := K°\ E has measure zero. Suppose to the contrary that mes(Z) > 0.
Then there is a v, € Z such that mes(Z N B,(v,))/mes(B,(v,)) — 1 as r > 0.
But the inequality (4.18) implies that for all small » > 0 satisfying B,(v,)
< K° we have mes(Z N B,(v,)) < (1—27%/%) mes(B,(v,)). This is a contra-
diction. Thus mes(Z) =0. ||

5. TEMPERATURE INEQUALITY AND TREND TO EQUILIBRIUM

We begin by dealing with certain moment equations and inequalities.

Proposition 3. Let M, >0, M, >0, and v, € R®. Then: there exists
a unique Fermi-Dirac distribution F, , with coefficients a > 0, b > 0 and v,,
such that

[ Fo@dv=My, | F,,@l—vl dv=M, (5.1
R R
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if and only if M, M, satisfy

M, >3 3¢\
(M)~ 5\4n) -

Proof. Introduce functions (for s > 0)

Ln=["—L—5d. PO=LOILOI" >0
0 14¢te”

By calculation, (5.1) is equivalent to the the following equation system for

a,b>0
g \?/3 1 M, 4n 1\\?3
=) P(— )= =(—r5(—)) . 2
() rGo)amm o-Gnn@) o

Thus we need only to show that

d 353
—P(@)>0 V>0 lim P(t)=—, lim P(t) = 0. (5.3)
dt t—0+ 5 t—
Differentiation under integral sign gives
d © re’
——L(=J{t):=| ——=dr, >0
dt jo (1+2e")?

and integration by parts gives I,(t) =% J,(¢), 3 I,(¢) =% Js(¢). Thus for a
function P, (¢) > 0 we have

d
Ep(t)ZPl(t){Jz(t) Jé(t)_[‘]4(t)]2}a t>0

Applying Cauchy-Schwarz inequality we have J,(¢) J5(¢) > [J,(¥)]> This
proves % P(t) >0 for all > 0. To prove the first limit in (5.3), we write
t =e"” for p > 0 and define

s+1

S+3 0 uz

K=", Temmn

54

Making change of integral variable » =./pu in I (¢) for t = e™” we obtain

37 Ky (p)

P =5tk (17

p>0.
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By splitting 530 =§é+ﬁ° for (5.4) and using dominated convergence
theorem, we have

3,1
K. (p)— ST CuTdu=1 (p->w).

This proves the first limit. The second limit in (5.3) is obvious. |

Lemma 4. Given constants 0 < p < g < co. Let ¢ be measurable on
[0, c0) with 0 < ¢ <1 and 0 < [ r?'¢(r) dr < oo. Then

(o] rsrar) " <(a[ oy ar)” )

and the equality sign holds if and only if there is a constant 0 < R < oo such
that ¢ = 1} z; a.e. on [0, 0).

Remark. As a referee commented, this lemma is a generalization of
a certain L’-inequality. In fact if one takes @(r) = u({xe Q|g(x)>r})
where u is a probability measure and g is a nonnegative function in
LYQ, du), then this lemma is not other than the statement that the
L?(Q, du)-norm of g is monotonously increasing in p. And also there,
equality holds only if g is a constant, which means that u({xe Q|
g(x) >r}) must be a step function as indicated in this lemma. For general
case, i.e., if we do not assume that ¢ is non-increasing, the proof of the
lemma will be different from this argument.

Proof of Lemma 4. Consider

r q/p r
45(r)=<p jo t"‘1¢(t)dt> —q L 196 dt,  r=0.

By 0<¢(¢t)<1and g/p>1, we have

d q r (g/p)-1
— @(r) ={—<pf P 1(1) dt> pr”l—qrql}qﬁ(r) <0 (5.6)
dr p 0

for all r € [0, c0) \ Z,. Here Z, is a null set. This gives (5.5) by the absolute

continuity of @ and @(0) = 0. Now suppose that in (5.5) the equality sign

holds. Then, since @ is non-increasing, we have @(r) =0 for all r > 0. Let

I={re(0,0)\Z, | ¢(r) > 0}. Obviously / is non-empty. For any r € I, the

equality signs in (5.6) imply that p [ #7~'¢(¢) dt = r?. Since 0 < ¢ <1, this
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implies that ¢(z) =1 a.e. on [0, r] Vr € I. Thus, by assumption, the number
R := sup I must be finite and therefore ¢ = 1, z; a.e. on [0, 0). |

Proposition 4. Let f e L,(R®) satisfy 0< f<1/e and [ f(v) dv
> 0. Let

1
MO:Lsf(U)dU’ M2=jR3f(U)|U—Uo|2dU, UO=EJ‘R3f(U)UdU£57)

Then

M, 3/3e\*?
PR — 2 — — .
(M) <4n> 9
and the equality sign holds if and only if fis a second equilibrium (4.6).

Proof. Still suppose ¢ = 1. Let

Jr) = i [ St re0) doo

Then (5.8) is equivalent to the inequality

o o _ 1/5 © _ 1/3
<5L r4f(r)dr> ><3j0 r2f(r)dr>

which does hold by Lemma 4. Also, since 0 < f <1 on R?, it is easily seen
that the two equalities f(r) = 1<, < a.. 7 €[0,0) and f(v) = Lj,_, <y
a.e. v € R? are equivalent. This proves the proposition. ||

In the following the function f in (5.7) for defining M,, M, and v, will
be taken an initial datum f; of a conservative solution of Eq. (BFD). By
conservation of the mass, momentum and energy, the temperature T of the
gas (see ref. 7, Chapter 2; ref. 20, pp.43-44]) and the Fermi temperature 75
(see ref. 16, pp. 220-221 for ideal Fermi systems) can be written (with the
Boltzmann’s constant k)

T m .%, T, = 3M, 2/3.;,_2'
M, 4r g 2m kg




384 Lu

Since ¢ = (h/m)?/g, the inequality (5.8) is equivalent to the temperature
inequality:

247\ M, 2
T_ <”> 2 n s (5.9)

T, 3\3/) (M)

Theorem 4. Suppose the collision kernel B is given by (1.1)—(1.2).
Let f, € L;(R?) satisfy 0 < f; < 1/e and | f,[l.1 > 0. Let f be a conservative
solution of Eq. (BFD) with f|,_, = f,. Then we have:

(1) The temperature inequality T > % T, holds.

(2) If T=1%T,, then f is a second equilibrium, i.e., for all z € [0, 00)
and for almost all v e R?,

1
S, 1) = fo(v) = % Lijo— ol < &}-

(3) If T>%T,, then for any sequence {t,}7_, =[0,00) satisfying
lim, ., ¢, = co, there exist a subsequence {7, }7_, and a Fermi-Dirac dis-
tribution F, such that

f(.t,)—~F (k—oo) weaklyin L'(R’).

In particular, if f also satisfies that for some ¢, > 0,

sup fl @ 2dv >0  (R— ) (5.10)

t=1

(for instance f is a solution obtained in Theorem 2 for hard potentials),
then

f(-,t)—~F,, (t—> o) weaklyin L'(R?)

where F,, is the unique Fermi-Dirac distribution determined by the
moment equation system (5.1) with vy = 57 fg2 fo(v) v dv.

Proof. Part (1) has been shown above. Part (2) follows from Propo-
sition 4 (the conclusion for equality sign) and the condition that f con-
serves the mass, mean velocity and energy. To prove Part (3), we assume
e¢=1. Suppose ¢,>0 and lim,_ ¢, =00. By weak compactness of
{f(-,2)|t>0}, there exist a subsequence, still denote it by {z,},_,, and
a function F € L'(R?), such that f(-,t,) =~ F (n— o0) weakly in L'(R?).
We first prove that F is an equilibrium. It is obvious that F e Ly(R?),
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F: = 1 >0, and we can assume that 0 < F(v) <1 for all veR® B
0 0llZ, y

Theorem 1, the entropy ¢ — S( f(2)) is continuous, bounded and monotone

non-decreasing on [0, c0). Thus there exist sequences {J,},_,, {7,}r-1

satisfying 6, >0, 7,€[¢t,, t,+9J,] such that (see, e.g., ref. 14) e( f(z,))
<J,—>0 (n—o0). Thus for a constant C = C(4y, p, |foll.}) we have
If(z,)— f@E): < Clz,—2,| >0 (n—c0). This implies that f(-,7,) also
converge weakly to F. Next, let

p(ran=[[[, , B f1=)A=1)
— 1 =)A= f0)] do o dv

and, in the following inequality

la—b| < /a+b./I(a,b), a,b=0

choose

a=ff:(1-)A-fy), b=[ff0-F)A=f0.

Then by Cauchy-Schwarz inequality we have for some constant C =

C(4o, B, 1£olly)

D(f(z,))<C/e(f(z,)) >0  (n—c0).
Since |Q(f(z,))" (&)| < D(f(z,)), this implies by Lemma 3 that

Q(F)" (&) =lim O(f(z,)" () =0, VEeR"

Thus Q(F)(v) =0 a.e. ve R? and therefore F is a solution of Eq. (BFD)
independent of ¢. By the entropy identity (1.4) we have e(F) = 0. Since the
kernel B(z, w) > 0 a.e. on R®x S?, this implies that F is an equilibrium. To
prove that F is a Fermi—Dirac distribution, we need to prove

S(f(®) <S(F) Vi=0. (5.11)

Let F(v)=(1—3)F(v)+ze™, k>3. Applying the estimate (3.1) to
g = F, and using dominated convergence theorem we have lim, _, , S(F}) =
S(F). Next, let Y, (v)=log[(1—F,(v))/Fi(v)]. Then [ (v)| < (logk)
(1+]v|) and

2logk

B [F(v)+e (1 +o]).

W (0)[F(v) - F(n)]l <
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Since y — —(1—y) log(1 —y)—ylog y is concave on [0, 1], it follows that

S(f(t)) < S(Fk)+jk3 Yi()Lf (v, 1,) — Fi(v)] dv.

Therefore, first letting » — oo then letting k — oo, we obtain (5.11) by
monotonicity of the entropy. Now we assert that S(F) > 0. Otherwise,
S(F) =0, then (5.11) implies S(f(z)) =0 on [0, c0). By entropy identity
(1.4) we have e( f(¢)) =0 for a.e. t € [0, 0c0). Thus for some ¢z, >0, f(v, t,)
is an equilibrium satisfying S( f(z,)) =0 and so by Theorem 3, f(v, t,) is
a second equilibrium. Since f is a conservative solution, this implies
by Proposition 4 and (5.9) that T'=%7, which contradicts the condi-
tion T >%T,. This proves S(F)>0 and therefore by Theorem 3, F is a
Fermi-Dirac distribution. Finally suppose f satisfies the condition (5.10).
To prove that f(-,#) —~F, ,(t > o) weakly in L'(R?), it needs only to
prove that for any sequence {f,}y_, satisfying lim,_ ¢, =00, if
f(-,t,) =~ F(n— o) weakly in L'(R?), then F must be the same Fermi-
Dirac distribution F, ,. But, we have shown that any such a weak limit F
must be a Fermi-Dirac distribution, and the condition (5.10) ensures that
the five moments of F are equal to those of f;. Therefore we conclude
F=F,, 1

Remark. For the BFD model, Csiszar—Kullback inequalities® & 19
for the entropy S(f) hold for conservative solutions f and the relevant
Fermi-Dirac distributions F, ,. For example with L'-distance we have

If ()= F, iz <21/l [S(F, ) —S(f(N].  t>0.

[A simple proof of such inequalities is given by starting from the identity
(for convex /)

p—xi=2[ [A=0 ¥ (et e(y=) Iy =1

x[(1=D)W"(x+1(y—x))) '] dr.

Then, for the BFD model, take (x)=(1—x)log(l—x)+xlogx (0<
x < 1) and make use of Cauchy—Schwarz inequality and Taylor formula to
obtain an elementary inequality

|y = <2[¥(») =¥ () —¥' () (y —x)1"* [x/3+ /6]

for all 0 <x <1 and all 0 < y< 1. Then choose x =¢F, ,(v), y=¢f (v, 1),
etc.]
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But strong convergence to equilibrium as that for the original Boltzmann
equation seems a hard problem because, for instance at low temperatures
0<T/T,—2/5< <1, the different equilibria F, ,(v) and ; 1, , <z can
be very close in L!-distance and thus the solution f with the same mass,
momentum and energy as those of F, , may be close (in some sense) to
both F, , and 1/¢ in different large parts of velocities. In view of (relative)
entropy methods, this may be a trouble case (see refs. 3, 17, 19 and refer-
ences therein). To see the closeness of the different equilibria, let M, =% R?
be fixed, and let F, , be the unique Fermi-Dirac distribution determined by
the equation system (5.1) where M, >0 is given through M, and
T/T.(>2/5) (see (5.9)). By (5.2) and (5.9) we have 2-37°°P(1/(ea))
=T/T;, and a— oo if and only if T /T, —»2/5. Thus there is J, >0
such that if 0 < T /T —2/5 <, then ea > 3. Let p =log(ea)( > 1). By (5.2)
for b and (5.4) for K,(p) and changing variable r=\//; in L,(e™”) we
compute b= R [K,(p)]*?p. Then with the identity |x—y|=y—x+
2(x—y)* we obtain

Jo

The integral in the right-hand side of (5.12) is not greater than
|K0(p)—1|+j‘1’O which tends to zero as p — oo since Ky(p) > 1 (p — o0).
Thus

3M0 L ul/z

do =0 v
Ko(p) Jikopr 14”1

du.  (5.12)

1
Fa,b(u)_g 1{|U—vo|<R}

T 2
dv—0 when FF—>§

1
Fa,b(v) _E 1{|v7v0| <R}

Je
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